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Who wants to live forever?
Who waits forever anyway?

Queen

Perhaps a more appropriate question is: who wants to live old an
poor - outliving your assets.

This is longevity risk: the risk that a population live longer
than planned so that not enough money has been saved to
ful�ll the population�s needs!

Boyer, Favaro, Stentoft Longevity Risk



Introduction
Modeling and forecasting Longevity Indices

Pricing survivor forwards and swaps
Risk adjusted simulation

Motivation
Importance
Contribution
Preview of the results

The are several reasons for why this risk is important:

The amount of wealth at stake and the systematic
underestimation of it.

The fact that it a¤ects us all: as individuals, governments,
and corporations.

The non-diversi�able nature of this risk and lack of liquid
instruments which can be used to manage the risk.

Though several players are in the market it has been argued that
the only way to manage this risk is to draw on the capital markets.
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1 First of all, we consider modeling directly the longevity index
instead of using a "classical" approach:

By modelling directly the indices more �exibilty is allowed for.
Moreover, instead of considering the entire population
attention can be restricted to the "objects" of interest.

2 Next, as a �rst test of the model we use it to price survivor
forwards and survivor swaps:

This type of derivatives have been suggested as products which
can be used to hedge longevity risk.
For these products to be successful though �exible pricing
methods are needed.

3 Finally, we explore the use of the longevity index model to
price other types of derivatives:

To do this we use risk adjusted simulation instead of risk
adjusted distributions.
We show how to price options, both of European style and
American style, which are useful for risk management.
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The main �ndings of the paper are:

1 First of all, when considering the two modeling approaches we
�nd that in the short term they yield similar results on
average.

However, the tail behavior is di¤erent.
This leads to di¤erent estimates of e.g. the VaR.

2 Next, when it comes to pricing survivor forwards and survivor
swaps there are also large di¤erences.

For example, the risk part of the price is larger for the
Longevity Index models.

3 Finally, when using risk adjusted simulation it is "simple" to
price survivor options.

The cost of these products is signi�cant.
And the American feature is very important.
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The data we use is taken directly from the Human Mortality
Database (HMD) on their homepage:

For the time being we consider US females (this will be
generalized)

We consider 4 cohorts: the 65-69, the 70-74, the 75-79, and
the 80-84 year old (this could be generalized)

The survivor rates are constructed as products of
appropriately lagged yearly rates:

s65�69,t = s65,t�4s66,t�3s67,t�2s68,t�1s69,t .

We consider data from 1950 and onwards (we will include
additional data)
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We model directly the indices, we refer to this as the LI model,
using for the time being only the very simplest possible model.

Eventually we would like to compare to the Lee & Carter
(1992) model so we transform the index as:

mt ,� = ln (1� st ,�) .

We consider a simple AR(1) model given by

mt ,� = µ+ βmt�1,� + εt ,

where εt � N
�
0, σ2

�
.

Estimation is performed using simple OLS and we obtain:

µ = �0.0542 (0.0436) and β = 0.9822 (0.0181)

The estimated value for σ = 0.02472 and the R2 = 98.2%
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As mentioned we will consider the Lee Carter model as a potential
benchmark which in our notation corresponds to

ln (1� sx ,t ) = ax + bxkt + εx ,t .

The time varying element in this model is kt which is plotted
below:

Boyer, Favaro, Stentoft Longevity Risk



Introduction
Modeling and forecasting Longevity Indices

Pricing survivor forwards and swaps
Risk adjusted simulation

Data
Longevity Index model
Benchmark model and comparison
Multivariate models for several cohorts

Again we limit attention to a very simple AR(1) model given by

kt = µk + βkkt�1 + ε,

where εt � N
�
0, σ2

�
.

The estimation leads to the following results

µ = 0.2903 (0.0440) and β = 0.9868 (0.0094)

The estimated value for σ = 0.33954 and the R2 = 99.5%

The two approaches are thus fundamentally di¤erent:

In the Lee Carter model only kt is time varying - in the LI
model each rate is time varying allowing for more �exibility.

For forecasting all rates can be predicted from kt in the Lee
Carter model - in the LI model each individual rate is
predicted.
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Since our metric essentially is one of prediction we now compare
the two approaches based on this. We consider simulated survivor
rates for the s65-69 cohort in 2015.

The LI model produces directly predictions of the survivor
rates.

Survivor rates can be generated from the LC model using the
appropriate values for ax and bx .

The following table shows important percentiles of the
simulated distribution (based on 100, 000 paths).
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To model several cohort survivor rates we use a simple VAR(1)
model. We consider jointly the four series above and for the
system we obtain:

The R2 = 99.9% using the likelihood ratio method.
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Comparing to the benchmark model yields:
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The survivor forward involves the exchange of the realized rate of a
population at some future date in return for the �xed rate agreed
on at the time the contract is entered into. Often the agreed on
rate is relative to some common expected rate.

The payment from a forward is given by

s rx ,t1,t2 � (1+ π) sex ,t1,t2 ,

where s rx ,t1,t2 is the realized rate, s
e
x ,t1,t2 is the expected rate,

and π is the price or premium.

The "fair" price of the swap is �xed such that at the time the
contract is entered into the two "legs" have the same net
present value

π =
NPV

�
s rx ,t1,t2

�
NPV

�
sex ,t1,t2

� � 1.
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The main challenge in valuing survivor derivatives is that the
future realized rates are by construction unknown and investors will
generally then require a compensation for exposure to these.

Though several methods exist we choose to use the
multivariate extension of the Wang transform which speci�es
the risk adjusted cumulative distribution for the risk Xi as

F �Xi (x) = Φ

"
Φ�1 (FXi (x))� ∑

j=1
ρXi ,Xjλi

#
,

where λ controls the magnitude of the risk adjustment.

This requires knowing the correlation structure. However, this
is available from the simulation.
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In theory it is possible to replicate the survivor swap with a
portfolio of forwards and the two portfolios should have the same
present value. The following table examines this claim:

The table shows that there are di¤erences:

These re�ect that forwards are priced with "univariate" risk
adjustment whereas swaps are priced with "multivariate" risk
adjustment.

Thus, the di¤erences show the e¤ect of neglecting the
correlation structure.
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Until now we have used risk adjusted distributions. However, in
some situations it could be preferred to adjust directly in the
simulation:

Performing risk adjusted simulation means that all paths have
equal probability.

This is convenient for pricing some type of derivatives such as
options.

A potential drawback is that one may need to re-simulate if
the risk parameter changes.
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The transform used above preserves the normal and the lognormal
distributions. Thus, an alternative to the method of adjusting the
distribution is to simulate risk adjusted innovations directly.

To do this we simulate with innovations which are
ε � N

�
�λσ, σ2

�
instead of ε � N

�
0, σ2

�
.

The di¤erences in distribution are shown below:
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A European call option gives the holder the right but not the
obligation to �buy�an asset for a given price, called the strike
price, at a future time, called the maturity time.

In the situation where the asset is a survivor rate the option
holder would receive the survivor rate while paying the strike
price.

As such the survivor call option is similar to a survivor forward.

The price of the survivor call option is the present value of the
expected payo¤ at maturity under the risk adjusted measure.

In our setting this can be estimated by

CEU =
1
N

N

∑
n=1

exp (�rT )max [snT � k, 0] .
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European call prices:

European put prices:
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Recently, simulation methods have also been use to price options
with early exercise:

The problem with this type of derivative is the need to
simultaneously determine the optimal stopping strategy.

We use the Least Squares Monte Carlo method of Longsta¤ &
Schwartz (2001):

At each early exercise the value of holding to option for one
more period is determined through a cross-sectional regression.

In the regression future "cash �ows" are regressed on "state
variables".

In our setting the state variable is the survivor rates.
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American put prices:

Early exercise ratio:
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The goal of this research is threefold:

1 We consider modeling directly the longevity index instead of a
more "classical" approach.

We �nd that in the short term the two approaches yield similar
results on average though the tail behavior is di¤erent.

2 We use the models to price survivor forwards and survivor
swaps.

Our results show, among other things, that the risk part of the
price is larger for the Longevity Index models.

3 We explore the use of risk adjusted simulation instead of risk
adjusted distributions.

We show how to price options, both of European style and
American style, which are potentially useful for risk
management.
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